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NON-EXISTENCE OF FLAT PARACONTACT METRIC
STRUCTURES IN DIMENSION GREATER THAN OR
EQUAL TO FIVE
SIMEON ZAMKOVOY AND VASSIL TZANOV
Abstrat. An example of a three dimensional at paraontat metri manifold
with respet to Levi-Civita onnetion is onstruted. It is shown that no suh
manifold exists for odd dimensions greater than or equal to ve.
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1. Introdution
The almost paraontat struture on pseudo-Riemannian manifoldM of dimension
(2n + 1) is dened in [5℄ and the almost paraomplex struture on M (2n+1) × R is
onstruted. The properties of an almost paraontat metri manifold and the gauge
(onformal) transformations of a paraontat metri manifold, i.e., transformations
preserving the paraontat struture, are studied in [7℄. Furthermore, in this paper
a anonial paraontat onnetion on a paraontat metri manifold is dened.
This onnetion is the paraontat analogue of the (generalized) Tanaka-Webster
onnetion. It is shown that the torsion of the anonial paraontat onnetion
vanishes exatly when the struture is para-Sasakian and the gauge transformation
of its salar urvature is omputed.
An example of a paraontat struture with at anonial onnetion is the hyper-
boli Heisenberg group [3℄. The paraonformal tensor gives a neessary and suient
ondition for a (2n+ 1)-dimensional paraontat manifold to be loally paraontat
onformal to the hyperboli Heisenberg group [3℄.
Date: 29th May 2018.
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In this paper, we show that there is no at, with respet to Levi-Civita onnetion,
paraontat metri strutures in dimension greater than or equal to ve, whereas in
dimension equal to three there is.
2. Preliminaries
A (2n+1)-dimensional smooth manifold M (2n+1) has an almost paraontat stru-
ture (ϕ, ξ, η) if it admits a tensor eld ϕ of type (1, 1), a vetor eld ξ and a 1-form
η satisfying the following ompatibility onditions
(i) ϕ(ξ) = 0, η ◦ ϕ = 0,
(ii) η(ξ) = 1 ϕ2 = id− η ⊗ ξ,
(iii) the tensor eld ϕ indues an almost paraomplex struture (see [4℄)
on eah bre on the horizontal distribution D = Ker η.
(2.1)
Reall that an almost paraomplex struture on an 2n-dimensional manifold is a
(1,1)-tensor J suh that J2 = 1 and the eigensubbundles T+, T− orresponding to
the eigenvalues 1,−1 of J respetively, have dimensions equal to n. The Nijenhuis
tensor N of J , given by NJ(X,Y ) = [JX, JY ] − J [JX, Y ] − J [X,JY ] + [X,Y ], is
the obstrution for the integrability of the eigensubbundles T+, T−. If N = 0 then
the almost paraomplex struture is alled paraomplex or integrable.
An immediate onsequene of the denition of the almost paraontat struture
is that the endomorphism ϕ has rank 2n, ϕξ = 0 and η ◦ ϕ = 0, (see [1, 2℄ for the
almost ontat ase).
If a manifold M (2n+1) with (ϕ, ξ, η)-struture admits a pseudo-Riemannian metri
g suh that
(2.2) g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ),
then we say that M (2n+1) has an almost paraontat metri struture and g is alled
ompatible metri. Any ompatible metri g with a given almost paraontat stru-
ture is neessarily of signature (n+ 1, n).
Setting Y = ξ, we have η(X) = g(X, ξ).
The fundamental 2-form
(2.3) F (X,Y ) = g(X,ϕY )
is non-degenerate on the horizontal distribution D and η ∧ Fn 6= 0.
Denition 2.1. If g(X,ϕY ) = dη(X,Y ) (where dη(X,Y ) = 12(Xη(Y ) − Y η(X) −
η([X,Y ]) then η is a paraontat form and the almost paraontat metri manifold
(M,ϕ, η, g) is said to be paraontat metri manifold.
Denition 2.2. An r-dimensional submanifold N ofM (2n+1) is said to be an integral
submanifold (of the horizontal distribution D) if and only if every tangent vetor of
N at every point p of N belongs to D.
Denition 2.3. An integral submanifold of dimension r in M (2n+1) is said to be a
maximal integral submanifold if it is not a pure subset of any other integral subman-
ifold of dimension r.
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Similarly to the ontat metri ase [6℄, we may obtain the following
Proposition 2.4. Let (M2n+1, ϕ, η, g) be a paraontat metri manifold. Then the
highest dimension of integral submanifold of the horizontal distribution D is equal to
n.
The tensors N (1), N (2), N (3) and N (4) are dened [7℄ by
N (1)(X,Y ) = Nϕ(X,Y )− 2dη(X,Y )ξ,
N (2)(X,Y ) = (£ϕXη)Y − (£ϕY η)X,
N (3)(X) = (£ξϕ)X,
N (4)(X) = (£ξη)X.
Clearly the almost paraontat struture (ϕ, ξ, η) is normal if and only if these four
tensors vanish.
In [7℄ the following propositions are proven.
Proposition 2.5. For an almost paraontat struture (ϕ, ξ, η) the vanishing of N (1)
implies the vanishing N (2), N (3) and N (4);
For a paraontat struture (ϕ, ξ, η, g), N (2) and N (4) vanish. Moreover N (3)
vanishes if and only if ξ is a Killing vetor eld.
Proposition 2.6. For an almost paraontat metri struture (ϕ, ξ, η, g), the o-
variant derivative ∇ϕ of ϕ with respet to the Levi-Civita onnetion ∇ is given
by
2g((∇Xϕ)Y,Z) = −dF (X,Y,Z) − dF (X,ϕY,ϕZ) −N
(1)(Y,Z, ϕX)(2.4)
+N (2)(Y,Z)η(X) − 2dη(ϕZ,X)η(Y ) + 2dη(ϕY,X)η(Z).
For a paraontat metri struture (ϕ, ξ, η, g), the formula (2.4) simplies to
(2.5) 2g((∇Xϕ)Y,Z) = −N
(1)(Y,Z, ϕX) − 2dη(ϕZ,X)η(Y ) + 2dη(ϕY,X)η(Z)
Lemma 2.7. On a paraontat metri manifold, h is a symmetri operator,
(2.6) ∇Xξ = −ϕX + ϕhX,
h anti-ommutes with ϕ and trh = hξ = 0.
3. Non-existene of flat paraontat metri strutures in dimension
greater than or equal to five
In this setion we shall show that every paraontat metri manifold of dimension
greater than or equal to ve must have some urvature though not neessarily in the
plane setions ontaining ξ.
Theorem 3.1. Let M2n+1 be a paraontat manifold of dimension greater than
or equal to ve. Then M2n+1 annot admit a paraontat struture of vanishing
urvature.
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Proof. The proof will be by ontradition. We let (ϕ, ξ, η, g) denote the struture
tensors of a paraontat metri struture and assume that g is at. From [7℄ we have
that for a paraontat metri struture
1
2
(R(ξ,X)ξ + ϕR(ξ, ϕX)ξ) = ϕ2X − h2X,
where h = 12Lξϕ. Thus if g is at h
2 = ϕ2 and hene hξ = 0 and rank(h) = 2n. The
eigenvetors orresponding to the non-zero eigenvalues of h are orthogonal to ξ and
the non-zero eigenvalues are ±1. Reall that dη(X,Y ) = 12(g(∇Xξ, Y )− g(∇Y ξ,X))
and that for a paraontat metri struture
(3.7) ∇Xξ = −ϕX + ϕhX.
From Lemma 2.7 follows that whenever X is an eigenvetor of eigenvalue +1, ϕX is
an eigenvetor of −1 and vie-versa. Thus the paraontat distribution D is deom-
posed into the orthogonal eigenspaes of ±1 whih we denote by [+1] and [−1].
We now show that the distribution [+1] is integrable. If X and Y are vetor elds
belonging to [+1], equation (3.7) gives ∇Xξ = 0 and ∇Y ξ = 0. Thus sine M
2n+1
is
at
0 = R(X,Y )ξ = −∇[X,Y ]ξ = ϕ[X,Y ]− ϕh[X,Y ];
but η([X,Y ]) = −2dη(X,Y ) = −2g(X,ϕY ) = 0, so that h[X,Y ] = [X,Y ]. Applying
the same argument to ξ and X ∈ [+1] we see that the distribution [+1]⊕ [ξ] spanned
by [+1] and ξ is also integrable.
Sine [+1]⊕ [ξ] is integrable, we an hoose loal oordinates (u0, u1, ..., u2n) suh
that
∂
∂u0
, ∂
∂u1
, ..., ∂
∂un
∈ [+1] ⊕ [ξ]. We dene loal vetor elds Xi, i = 1, ..., n
by Xi =
∂
∂un+i
+
∑n
j=0 f
j
i
∂
∂uj
, where the f
j
i 's are funtions hosen so that Xi ∈
[−1]. Note X1, ...,Xn are n linearly independent vetor elds spanning [−1]. Clearly
[ ∂
∂uk
,Xi] ∈ [+1]⊕ [ξ] for k = 0, ..., n and hene ξ is parallel along [
∂
∂uk
,Xi]. Therefore
using (3.7) and the vanishing urvature
0 = ∇[ ∂
∂uk
,Xi]
ξ = ∇ ∂
∂uk
∇Xiξ −∇Xi∇ ∂
∂uk
ξ = −2∇ ∂
∂uk
ϕXi
from whih we have
(3.8) ∇ϕXjϕXi = 0.
Similarly, noting that [Xi,Xj ] ∈ [+1],
0 = R(Xi,Xj)ξ = ∇Xi∇Xjξ −∇Xj∇Xiξ −∇[Xi,Xj ]ξ = −2∇XiϕXj + 2∇XjϕXi
giving
(3.9) ∇XiϕXj = ∇XjϕXi
or equivalently
(3.10) ϕ[Xi,Xj ] = −(∇Xiϕ)Xj + (∇Xjϕ)Xi.
Using equations (3.7) and (3.8) we obtain
0 = R(Xi, ϕXj)ξ = −∇[Xi,ϕXj ]ξ = ϕ[Xi, ϕXj ]− ϕh[Xi, ϕXj ]
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from whih
g([Xi, ϕXj ],Xk) = g(h[Xi, ϕXj ],Xk) = g([Xi, ϕXj ], hXk) = −g([Xi, ϕXj ],Xk)
and hene
(3.11) g([Xi, ϕXj ],Xk) = 0.
Using the formula (2.5) and equations (3.8), (3.10) and (3.11) we have
2g((∇Xiϕ)Xj ,Xk) = −N
(1)(Xj ,Xk, ϕXi) = −g([Xj ,Xk], ϕXi) =
= −g((∇Xjϕ)Xk,Xi) + g((∇Xkϕ)Xj ,Xi).
From F = dη, we obtain σi,j,kg((∇Xiϕ)Xj ,Xk) = 0. Thus our omputation yields
g((∇Xiϕ)Xj ,Xk) = 0. Similarly
2g((∇Xiϕ)Xj , ϕXk) = −N
(1)(Xj , ϕXk, ϕXi) = −g([Xj , ϕXk], ϕXi)−g([ϕXj ,Xk], ϕXi) =
= −g(∇XjϕXk −∇ϕXkXj −∇XkϕXj +∇ϕXjXk, ϕXi)
whih vanishes by equations (3.8) and (3.9). Finally
2g((∇Xiϕ)Xj , ξ) = −N
(1)(Xj , ξ, ϕXi) = −g(ϕ
2[Xj , ξ], ϕXi) + 2dη(ϕXj ,Xi) =
= −4g(Xi,Xj).
Thus for any vetor elds X and Y in [−1] on a paraontat metri manifold suh
that ξ is annihilated by the urvature transformation,
(3.12) (∇Xϕ)Y = −2g(X,Y )ξ.
Note that equation (3.10) now gives [Xi,Xj ] = 0.
Analogously, we obtain
(3.13) 2g(∇ϕXiXj ,Xk) = 2g((∇ϕXiϕ)Xj , ϕXk) = 0.
Therefore by equation (3.11), we get
g(∇XiXj, ϕXk) = −g(Xj ,∇XiϕXk) = −g(Xj , [Xi, ϕXk]) = 0.
It is trivial that g(∇XiXj , ξ) = 0 and hene we obtain ∇XiXj ∈ [−1].
Dierentiating equation (3.12) we have
∇Xk∇XiϕXj − (∇Xkϕ)∇XiXj − ϕ∇Xk∇XiXj =
= −2Xk(g(Xi,Xj))ξ + 4g(Xj ,Xi)ϕXk.
Taking the inner produt with ϕXl, having in mind equation (3.12) and that∇XiXj ∈
[−1], we obtain
(3.14) g(∇Xk∇XiϕXj , ϕXl) + g(∇Xk∇XiXj ,Xl) = −4g(Xj ,Xi)g(Xk ,Xl)
Interhanging i and k, i 6= k and subtrating we have
g(Xi,Xj)g(Xk,Xl)− g(Xk,Xj)g(Xi,Xl) = 0
by virtue of the atness and [Xi,Xj ] = 0.
Setting i = j and k = l we have
g(Xi,Xi)g(Xk ,Xk)− g(Xi,Xk)g(Xi,Xk) = 0
ontraditing the linear independene of Xi and Xk. 
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Note that in the proof of our theorem, the vanishing of R(X,Y )ξ is enough to
obtain the deomposition of the paraontat distribution into ±1 eigenspaes of the
operator h = 12Lξϕ. Moreover R(X,Y )ξ = 0 for X and Y in [+1] is suient for
the integrability of [+1]. Thus we have the following
Theorem 3.2. Let M2n+1 be a paraontat manifold with paraontat metri stru-
ture (ϕ, ξ, η, g). If the setional urvatures of all plane setions ontaining ξ vanish,
then the operator h has rank 2n and the paraontat distribution is deomposed into
the ±1 eigenspaes of h. Moreover if R(X,Y )ξ = 0 for X,Y ∈ [+1], M admits
a foliation by n−dimensional integral submanifolds of the paraontat distribution
along whih ξ is parallel.
From Theorem 3.1 and Theorem 3.2 we obtain following
Theorem 3.3. Let M2n+1 be a paraontat metri manifold and suppose that
R(X,Y )ξ = 0 for all vetor elds X and Y . Then loally M2n+1 is the produt of a
at (n + 1)-dimensional manifold and n-dimensional manifold of negative onstant
urvature equal to −4.
Proof. We noted in Theorem 3.1 proof that [Xi,Xj ] = 0 so that the distribution [−1]
is also integrable and hene we may take Xi =
∂
∂un+i
. Moreover loally M2n+1 is the
produt of an integral submanifold Mn+1 of [+1] ⊕ [ξ] and an integral submanifold
Mn of [−1]. Sine {ϕXi, ξ} is a loal basis of tangent vetor elds onM
n+1
, equation
(3.8) and R(X,Y )ξ = 0 show that Mn+1 is at.
Now ∇ϕXiXj = 0, by equation (3.13) g(∇ϕXiXj ,Xk) = 0, by equation (3.8)
g(∇ϕXiXj , ϕXk) = 0, and g(∇ϕXiXj , ξ) = 0 whih is trivial. Interhanging i and k
in equation (3.14) and subtrating we have
R(Xk,Xi, ϕXj , ϕXl) +R(Xk,Xi,Xj ,Xl) =
= −4(g(Xi,Xj)g(Xk,Xl)− g(Xk,Xj)g(Xi,Xl)).
Using ∇ϕXiXj = 0 and [ϕXi, ϕXj ] = 0 we see that R(Xk,Xi, ϕXj , ϕXl) =
= R(ϕXj , ϕXl,Xk,Xi) = 0 and hene
R(Xk,Xi,Xj ,Xl) = −4(g(Xi,Xj)g(Xk,Xl)− g(Xk,Xj)g(Xi,Xl))
ompleting proof. 
4. Flat assoiated metris on R
3
1
In dimension 3 it is easy to onstrut at paraontat strutures. For example,
onsider R
3
1 with oordinates (x
1, x2, x3). The 1-form η = 12(ch(x
3)dx1 + sh(x3)dx2)
is a paraontat form. In this ase ξ = 2(ch(x3) ∂
∂x1
− sh(x3) ∂
∂x2
) and the metri g
whose omponents are g11 = −g22 = g33 =
1
4 gives at paraontat metri struture.
Following the proof of the Theorem 3.1, we see that ∂
∂x3
spans the distribution [−1]
and sh(x3) ∂
∂x1
+ ch(x3) ∂
∂x2
spans the distribution [+1]. Geometrially ξ is parallel
along [+1] and rotates (and hene the paraontat distribution D rotates) as we move
parallel to the x3-axis.
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We an now nd a at assoiated metri on R
3
1 for the standard paraontat form
η0 =
1
2 (dz − ydx). Consider the dieomorphism f : R
3
1 → R
3
1 given by
x1 = zch(x) − ysh(x)
x2 = zsh(x)− ych(x)
x3 = −x
Then η0 = f
∗η and the pseudo-Riemannian metri g0 = f
∗g is a at assoiated
metri for the paraontat form η0.
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